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ABSTRACT: Motivated by possible implications on the problem of moduli stabilization and
other phenomenological aspects, we study D-brane instanton effects in flux compactifica-
tions. We focus on a local model and compute non-perturbative interactions generated by
gauge and stringy instantons in a N' = 1 quiver theory with gauge group U(Ny) x U(Ny)
and matter in the bifundamentals. This model is engineered with fractional D3-branes at
a C3/(Zo x Zs) singularity and its non-perturbative sectors are described by introducing
fractional D-instantons. We find a rich variety of instanton-generated interactions, rang-
ing from superpotentials and Beasley-Witten like multi-fermion terms to non-perturbative
flux-induced instanton interactions.
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1. Introduction and motivations
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Recently a lot of attention has been devoted to the study of four dimensional compactifi-

cations of Type II string theories with systems of intersecting or magnetized D-branes that

preserve N = 1 supersymmetry [ -f]. These compactifications provide, in fact, promising

scenarios for phenomenological applications and realistic model building in which gauge

interactions similar to those of the supersymmetric extensions of the Standard Model of

particle physics are engineered using space-filling D-branes that partially or totally wrap the

internal six-dimensional space. The effective actions of such brane-world models describe

interactions of gauge degrees of freedom, associated to open strings, with gravitational

fields, associated to closed strings, and have the generic structure of N' = 1 supergravity



in four dimensions coupled to vector and chiral multiplets. As is well-known [{], four-
dimensional N' = 1 supergravity theories are specified by the choice of a gauge group G,
with the corresponding adjoint fields and gauge kinetic functions, by a Kahler potential
K and a superpotential W, which are, respectively, a real and a holomorphic function of
some chiral superfields ®’. The supergravity vacuum is parametrized by the expectation
values of these chiral multiplets that minimize the scalar potential

V =" (D;WD'W —3|W|?) + DD, (1.1)

where D;W = 0g: W + (8@[( ) W is the Kahler covariant derivative of the superpotential
and the D% (a = 1,...,dim(G)) are the D-terms. Supersymmetric vacua, in particular,
correspond to those solutions of the equations 0g:V = 0 satisfying the D- and F-flatness
conditions D® = D;W = 0.

When we consider Type IIB string theory on a Calabi-Yau three-fold in presence of
D3-branes, which is the case discussed in this paper, the chiral superfields ® comprise the
fields U" and T™ that parameterize the deformations of the complex and Kéahler structures
of the three-fold, the axion-dilaton field

T=Cp+ie ¥, (1.2)

where () is the R-R scalar and ¢ the dilaton, and also some multiplets ®;pe, coming from
the open strings attached to the D-branes. The resulting low-energy N/ = 1 supergravity
model has a highly degenerate vacuum. One way to lift (at least partially) this degeneracy
is provided by the addition of internal 3-form fluxes of the bulk theory [f—[d via the
generation of a superpotential , H]

Wix = /Gg/\Q. (1.3)

Here Q) is the holomorphic (3,0)-form of the Calabi-Yau three-fold and G5 = F'—7H is the
complex 3-form flux given in terms of the R-R and NS-NS fluxes F' and H. The flux super-
potential ([.3) depends explicitly on 7 and implicitly on the complex structure parameters
U™ which specify Q. Insisting on unbroken N = 1 supersymmetry requires the flux G5 to be
an imaginary anti-selfdual 3-form of type (2,1) [[Ld], since the F-terms Dy Wiy, DrWiaux
and DpmWhyy are proportional to the (1,2), (3,0) and (0,3) components of the G-flux
respectively. These F-terms can also be interpreted as the “auxiliary” #?-components of
the kinetic functions for the gauge theory defined on the space-filling branes, and thus are
soft supersymmetry breaking terms for the brane-world effective action. Such soft terms
have been computed in various scenarios of flux compactifications and their effects, like
for instance induced masses for the gauginos and the gravitino, have been analyzed relying
on the structure of the bulk supergravity Lagrangian and on k-symmetry considerations
(see for instance the reviews [[]-[]] and references therein) and recently also by a direct
world-sheet analysis in [[LT].

Beside fluxes, also non-perturbative contributions , B] to the effective actions may
play an important réle in the moduli stabilization process [[4, [§] and bear phenomeno-
logically relevant implications for string theory compactifications. In the framework we



are considering, non-perturbative sectors are described by configurations of D-instantons
or, more generally, by wrapped Euclidean branes which may lead to the generation of a
non-perturbative superpotential of the form

Wn.p. = Z C{kA}((I)i)e%riZAkATA . (1‘4)
{ka}

Here the index A labels the cycles wrapped by the instantonic branes, while k4 denotes
the instanton number and 74 the complexified gauge coupling of a D-brane wrapping the
cycle A. Finally, ¢y A}(q)i) are some (holomorphic) functions of the chiral superfields whose
particular form depends on the details of the model. In general, the 74’s depend on the
axion-dilaton modulus 7 and the Kéhler parameters T™ that describe the volumes of the
cycles around which the D-branes are wrapped.! We remark that eq. (.4) holds both for
gauge and stringy instantons corresponding, respectively, to the cases where the cycle A is
occupied or not by a gauge D-brane.
The interplay of fluxes and non-perturbative contributions, leading to a
combined superpotential
W = Whux + Wn.p. ) (15)

offers new possibilities for finding supersymmetric vacua. Indeed, the derivatives
DyrWhaux, DrWaux and Dpm Wiy, might now be compensated by Dy Wy ., D-Wh, . and
DrmWhyp 1] so that also the (1,2), (3,0) and (0,3) components of G3 may become
compatible with supersymmetry and help in removing the vacuum degeneracy [[L6].

Another option could be to arrange things in such a way to have a Minkowski vac-
uum with V' = 0 and broken supersymmetry. If the superpotential is divided into an
observable and a hidden sector, with the flux-induced supersymmetry breaking happening
in the latter, this could be a viable model for supersymmetry breaking mediation. If all
moduli are present in W, the number of equations necessary to satisfy the extremality
condition for V seems sufficient to obtain a complete moduli stabilization. To fully ex-
plore these, or other, possibilities, it is crucial however to develop reliable techniques to
compute non-perturbative corrections to the effective action and determine the detailed
structure of the non-perturbative superpotentials that can be generated, also in presence
of background fluxes.

In the last few years there has been much progres in the analysis of non-perturbative
effects in brane-world models and concrete computational tools have been developed using
systems of branes with different boundary conditions [[7, [§]. These methods not only allow
to reproduce [[§-PR7] the known instanton calculus of (supersymmetric) field theories B3,
but can also be generalized to more exotic configurations where field theory methods are not
yet available [P4-[ff]. The study of these exotic instantons has led to interesting results in
relation to moduli stabilization, (partial) supersymmetry breaking and even fermion masses
and Yukawa couplings [24, B3, BJ]. A careful analysis of the moduli of this kind of instantons
is however required in order to be sure that unwanted neutral fermionic zero-modes are

The explicit dependence of 74 on 7 and T™ can be derived from the Dirac-Born-Infeld action as
explained in appendix @



either absent, as in some orientifold models R§-B0], or lifted [BY, BY]. If really generated,
such exotic interactions could also become part of a scheme in which the supersymmetry
breaking is mediated by non-perturbative soft-terms arising in the hidden sector of the
theory, as recently advocated also in [lf]. Nonetheless, the stringent conditions required
for the non-perturbative terms to be different from zero, severely limit the freedom to
engineer models which are phenomenologically viable.

To make this program more realistic, in this paper we address the study of the gen-
eration of non-perturbative terms in presence of fluxes. Indeed fluxes not only lead to the
perturbative superpotential ) but also lift some zero-modes of the instanton background
and allow for new types of non-perturbative couplings. In the following we will consider
the interactions generated by gauge and stringy instantons in a specific setup consisting of
fractional D3-branes at a C3/(Zy x Z3) singularity which engineer a " = 1 U(Np) x U(Ny)
quiver gauge theory with bi-fundamental matter fields. In order to simplify the treatment,
still keeping the desired supergravity interpretation, this quiver theory can thought of as
a local description of a Type IIB Calabi-Yau compactification on the toroidal orbifold
T%/(Zy x Z3). From this local standpoint, it is not necessary to consider global restrictions
on the number Ny and N; of D3-branes, which can therefore be arbitrary, nor add orien-
tifold planes for tadpole cancelation. In such a setup we then introduce background fluxes
of type G(3,0) and G(g3), and study the induced non-perturbative interactions in the pres-
ence of gauge and stringy instantons which we realize by means of fractional D-instantons.
In this way we are able to obtain a very rich class of non-perturbative effects which range
from “exotic” superpotentials terms to non-supersymmetric multi-fermion couplings. We
also show that, as anticipated in [[1]], stringy instantons in presence of G-fluxes can gener-
ate non-perturbative interactions even for U(N) gauge theories. This has to be compared
with the case without fluxes where an orientifold projection [P§-B({] is required in order
to solve the problem of the neutral fermionic zero-modes. Notice also that since the G(3 )
and G g 3) components of the Gz are related to the gaugino and gravitino masses (see for
instance [[[7, [i§]), the non-perturbative flux-induced interactions can be regarded as the
analog of the Affleck-Dine-Seiberg (ADS) superpotentials [IJ] for gauge/gravity theories
with soft supersymmetry breaking terms. In particular the presence of a Gq 3) flux has no
effect on the gauge theory at a perturbative level but it generates new instanton-mediated
effective interactions [B{].

For the sake of simplicity most of our computations will be carried out for instantons
with winding number k& = 1; however we also briefly discuss some multi-instanton effects. In
particular from a simple counting of zero-modes we find that in our quiver gauge theory an
infinite tower of D-instanton corrections can contribute to the low-energy superpotential,
even in the field theory limit with no fluxes, in constrast to what happens in theories with
simple gauge groups where the ADS-like superpotentials are generated only by instantons
with winding number k& = 1. These multi-instanton effects in the quiver theories certainly
deserve further analysis and investigations.

The plan of the paper is the following: in section [] we review the D-brane setup in the
orbifold C3/(Zy x Z3) in which our computations are carried out. In section f] we discuss a
quick method to infer the structure of the non-perturbative contributions to the effective



action based on dimensional analysis and symmetry considerations. In section | we analyze
the ADHM instanton action and discuss in detail the one-instanton induced interactions
in SQCD-like models without introducing G-fluxes. Finally in sections ] and [] we consider
gauge and stringy instantons in presence of G-fluxes and compute the non-perturbative
interactions they produce. Some more technical details are contained in the appendix.

2. D3/D(-1)-branes on C3/(Zy X Zs)

In this section we discuss the dynamics of the D3/D(—1) brane system on the orbifold
c3/ (Zg X Zg) where the elements of Zy x Zg act on the three complex coordinates z! of
C? as follows
hy : (Zlv Z2, Z3) - (Z17 _Z27 _Zg) )
hy : (24,22, 23) — (=21, 2%, —23), (2.1)
hy : (21,22, 23) — (=21, =22, 23) .
This material is well-known; nevertheless, we review it mainly with the purpose of setting
our notations.

2.1 The gauge theory

A stack of N D3-branes in flat space gives rise to a four-dimensional U(N) gauge theory
with /' = 4 supersymmetry. Its field content, corresponding to the massless excitations of
the open strings attached to the D3-branes, can be organized into a N' = 1 vector multiplet
V and three N' = 1 chiral multiplets ®! (I =1,2,3). These are N x N matrices:

{v,o'}" (2.2)

with u,v,...=1,...,N. In N = 1 superspace notation, the action of the N’ = 4 theory is

1 _ - 1 1
§=_-Im |:T/d4x d?0 d*0 Tr(®;e*V &') + T/d4x d*0 Tr<§W°‘Wa + WU@I@J@K)]
T !

(2.3)
where 7 is the axion-dilaton field ([.) and W, = — DsD%D,V is the chiral superfield
whose lowest component is the gaugino.

When the D3-branes are placed in the C3/ (Zg X Zg) orbifold, the supersymmetry of

the gauge theory is reduced to A/ = 1 and only the (Zg X Zg)—invariant components of

1
1

V and ®! are retained. Since V is a scalar under the internal SO(6) group, while the
chiral multiplets ®! form a vector, it is immediate to find the transformation properties
of these fields under the orbifold group elements hy. These are collected in table [l, where
in the first columns we have displayed the eigenvalues of h; and in the last column we
have indicated the Zs x Zs irreducible representation R4 (A = 0, 1,2,3) under which each

field transforms.2

2Quantities carrying an index A of the chiral or anti-chiral spinor representation of SO(6), like for
example the gauginos A®4 or Aga of the N =4 theory, transform in the representation R4 of the orbifold
group; thus there is a one-to-one correspondence between the spinor indices of SO(6) and those labeling
the irreducible representations of Za X Zg; for this reason we can use the same letters A, B, ... in the two
cases (see for example ref. [@] for details).



fields h(] h1 h2 h3 Rep’s
v + + + + Ry
'+ + - - R
»? + - + - R
P3 + - - + Rs

Table 1: Zy x Zy eigenvalues of D3/D3 fields

To each representation R of Zo X Zo one associates a fractional D3 brane type. Let
N4 be the number of D3-branes of type A with

3
> Na=N (2.4)
A=0

so that the N x N adjoint fields V, ® of the parent theory break into N4 x Np blocks
transforming in the representation R4 ® Rp. Explicitly, writing A = (0,1) with I = 1,2,3,
we have

Ry® R4=Rs and R;® Rj;=0715R0+ |e1yk| Ri - (2.5)

The invariant components of V and ®! surviving the orbifold projection are given by those
blocks where the non-trivial transformation properties of the fields are compensated by
those of their Chan-Paton indices and are

{vi% u {e'}" . (2.6)

VARI

Here the symbol { }"A denotes the components of the N4 x Np block, and the subindex
A ® I is a shorthand for the representation product R4 ® Ry, namely

0®I=1 and J®I:|EJ[K|K (27)

as follows from (R.5). Eq. (R.4) represents the field content of a A' = 1 gauge theory with
gauge group [[, U(N4) and matter in the bifundamentals (N A,NB), which is encoded in
the quiver diagram displayed in figure [[.

The projected theory is invariant under the U(1)? global symmetries corresponding to
the Cartan subgroup of the SO(6) R-symmetry invariance of the N = 4 action (R.J):

ol — 1ol V-V Wo — e2 214 T,

i o ) (2.8)
do — e 321% 40 df — ez 2151 4f |

these transformations encode the charges gr of the various fields w.r.t. to the three U(1)’s.
The symmetry extends, as we will see, to the zero modes of the gauge fields in instan-
tonic sectors, and can be exploited to constrain the form of the allowed non-perturbative
interactions. To this aim, it will prove useful to take linear combinations of the U(1)3
symmetries (R.§) corresponding to introducing the charges

4=q +q+g, d=q —q, "=q—qs. (2.9)
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Figure 1: The quiver diagram encoding the field content and the charges for fractional D-branes of
the orbifold C3/(Zg x Zz). The dots represent the branes associated with the irrep R4 of the orbifold
group. A stack of N4 such branes supports a U(N4) gauge theory. An oriented link from the A-th
to the B-th dot corresponds to a chiral multiplet transforming in the (N A,NB) representation of
the gauge group and in the R4 ® Rp representation of the orbifold group.

fields | 4, A~ ¢! pel
+1 -3

+

[\S][SN]

charge ¢
o1 —90r2 01 — Or2

0
charge ¢ | 0 0
0 0 511—513 511—513

charge ¢”

Table 2: The charges ¢, ¢’ and ¢” of the various fields of the N” = 1 quiver gauge theory. Here A4,
is the gauge vector, A® is the corresponding gaugino while 1! is the fermion of the bifundamental
matter superfield ®! of which ¢! is the lowest component. The complex conjugate fields ¢7, Ag
and 147 transform oppositely to the ones displayed. Finally 6 transforms as A and oppositely to 6.

The values of these charges for the various gauge fields are displayed in table .

The fractional D3-branes can also be thought of as D5-branes wrapping exceptional
(i.e. vanishing) 2-cycles C4 of the orbifold. Note that there are only three independent such
cycles on C3/ (Zg X Zg) which are associated to the three exceptional P!'’s corresponding
to the non-trivial elements h; of Zs X Zs. This implies that only three linear combinations
of the C4’s are really independent. Indeed, the linear combination Zi’izo Ca is trivial
in the homological sense since a D5 brane wrapping this cycle transforms in the regular
representation and can move freely away from the singularity because it is made of a D5-
brane plus its three images under the orbifold group. The gauge kinetic functions 74 of the
four U(Ny4) factors can be expressed in terms of the three Kéhler parameters describing the
complexified string volumes of the three non-trivial independent 2-cycles and the axion-
dilaton field 7. In the unresolved (singular) orbifold limit, which from the string point
of view corresponds to switching off the fluctuations of all twisted closed string fields, we
simply have [50, (7]

2
TAzg—?—Fi%:iT (2.10)
for all A’s. However, by turning on twisted closed string moduli, one can introduce differ-
ences among the 74’s and thus distinguish the gauge couplings of the various group factors.



2.2 The instanton moduli space

A very similar analysis applies to instantonic sectors of the gauge theory. In this framework
instantons are realized with D(—1)-branes and their moduli space is described by the lowest
modes of open strings with at least one end-point on the D(—1)-branes. The U(NN) gauge
theory dynamics in the sector with instanton number k can be efficiently described by the
o/ — 0 limit of the action of a system of k D(—1)-branes and N D3-branes on C3. This
system is described in terms of a U(NN) x U(k) matrix theory whose action is [23]

1
SDS/D(—l) = Trg ?SG+SK+SD+S¢ (2.11)

0

with

1 . &
SG - -DC-DC - 5 [XWL7XTL]2 - 1)‘(5114 [XABu)‘ B] )
1 _

P14 o Xap i,

o o2 . (2.12)

Sp = iDC(ZDd(TC)O‘Bwﬁ - iﬁfw[a“,a”]) + i)\dA(ﬂAwo‘ + @i — [ao‘o‘,MaA]) )

SK = medwdxm - [an CLM]2 - iMaA [YAB? Ma

1 o 1 o 1,
S =3 e*BPwid s pdopw® + B @ad" P u K ap + 2 i oapn”

The fields entering in (R.19) represent the lowest modes of open strings with D(—1)/D(—1)
and D(—1)/D3 boundary conditions and are

Mm = {au,xm,Dc,M“A,AdA}’j U {wa, p*}" U {wa, 5} (2.13)
with 4,5 = 1,...,k and u,v = 1,..., N labeling the £ D(—1) and the N D3 boundaries
respectively. The other indices run over the following domains: u,v =0,...,3; a, & =1,2;
m,n=1,...,6; A,B = 0,...,3, labeling, respectively, the vector and spinor representa-

tions of the SO(4) Lorentz group and of the SO(6) ~ SU(4) internal-symmetry group,?
while ¢ = 1,2,3. We have also defined

- 1
X =xm (™ Xap =xm (E")as = seapcp X",

: (2.14)
0 = om (3 bap = om (B7)an = Seancp o7

where ™ and " are the chiral and anti-chiral blocks of the Dirac matrices in the six-
dimensional internal space, and ¢,, are the six vacuum expectation values of the scalar
fields ®! in the real basis. Finally,
1 us
— = — (2md/)? (2.15)
9(2] gs
is the coupling constant of the gauge theory on the D(—1) branes. The scaling dimensions
of the various moduli appearing in (R.19) are listed in table J.

3See footnote E



moduli a, Xm Do M ad AaA W W, ,uA [/‘

dimension | M1 M, M2 M;Y* M¥* oMt oMzt MgV gV

Table 3: Scaling dimensions of the ADHM moduli in terms of the string scale M, = (2ra/)~1/2.

The action (R.1)) follows from dimensional reduction of the six-dimensional action of
the D5/D9 brane system down to zero dimensions and, as discussed in detail in ref. [[§],
it can be explicitly derived from scattering amplitudes of open strings with D(—1)/D(—1)
or D(—1)/D3 boundary conditions on (mixed) disks. In the field theory limit o/ — 0
(i.e. go — 00), the term Sg in (R.11)) can be discarded and the fields D¢ and Ay4 become
Lagrange multipliers for the super ADHM constraints that realize the D- and F-flatness
conditions in the matrix theory.

Now let us consider the Zs x Zs orbifold projection. The group U(N) x U(k) breaks
down to [[4 U(Na)x U(ka) with N4 and k4 being the numbers of fractional D3 and D(—1)
branes of type A such that

3 3
N=) Njo and k=) ka. (2.16)
A=0 A=0
Consequently, the indices v and i break into ug = 1,...,N4q and ig = 1,...,ka, while the

spinor index A splits into A = (0,1) with A = 0 denoting the A/ = 1 unbroken symmetry.
For the sake of simplicity from now on we always omit the index 0 and write

M =M* | X=X , p=p , i"=p. (2.17)
Furthermore we set
Xor =X1 5 X = %EUKYJK =x', 2.18)
bor=dr=(®r) , = %EIJKEJK =¢' = (o)) |

This notation makes more manifest which zero-modes couple to the holomorphic su-
perfields and which others couple to the anti-holomorphic ones. Indeed, the action S
in (R.12) becomes

Sp = 5 wa (¢ 1 + 10" ) w® + wad' WXy + X wadrw®

DO | =

. o : (2.19)
— o + s i'oin— < ey’ ¢ p
2 2 2
Taking into account the Zsy X Zo transformation properties of the various fields and of
their Chan-Paton labels, one finds that the moduli that survive the orbifold projection are
1A UA — o -ta
M = {a“,DC,M‘J‘, )\d} G Y {wd,,u} Y {wd,,u} s
U {XI7Y17MOJ=)\@I}ZA U {MI}UA U {ﬂl}m

JA®I LA®T UART

(2.20)



moduli x! Xr o, MYl gt MO Ny Aag
charge q +1 -1 +% _% _% —i—%
charge ¢ | 61 —dr2 012 —0n 0 dr1 —0r2 0 dr2—0n
charge ¢" | 611 — 913 913 —0n 0 o1 — 03 0 d;3—-0n

Table 4: The charges ¢, ¢’ and ¢” of the various fields of the D3/D(—1) brane system. The bosonic
moduli a*, wg, W and D, are neutral under all three U(1)’s.

Like for the chiral multiplets in (R.6), the non-trivial transformation of the instanton moduli
carrying an index I is compensated by a similar transformation of the Chan-Paton labels
making the whole expression invariant under the orbifold group, as indicated in the second
line of (R.20).

The (Zo x Zs) projected moduli action is invariant under the U(1)? € SO(6) symmetry
whose properties on the D3/D3 sector we already discussed in section P, see table f]. The
charges of the moduli with respect to the same choice of U(1)? made in eq. (£.9) are given
in table [

Among the moduli in 99, the bosonic combinations

3 ka '
> Z {a"}" (2.21)
A=0 ip=1

x| =

represent the center of mass coordinates of the D(—1)-branes and can be interpreted as
the Goldstone modes associated to the translational symmetry of the D3-branes that is
broken by the D-instantons. Thus they can be identified with the space-time coordinates,
and indeed have dimensions of a length. Similarly, the fermionic combinations

3
0 z% > | {mey (2.22)

are the Goldstinos for the two supersymmetries of the D3-branes that are broken by the
D(—1)-branes, and thus they can be identified with the chiral fermionic superspace coor-

1/2 Notice that neither z* nor #* appear

dinates. Indeed they have dimensions of (length)
in the moduli action obtained by projecting (R.11)).

The moduli (R.20) account for both gauge and stringy instantons. Gauge instantons
correspond to D(—1)-branes that sit on non-empty nodes of the quiver diagram, so that
their number k4 can be interpreted as the second Chern class of the Yang-Mills bundle of
the U(IN4) component of the gauge group. Stringy instantons correspond instead to D(—1)-
branes occupying empty nodes of the quiver, so that in this case we can set kaN4 = 0
for all A’s. From (R.20) one sees that in the stringy instanton case the modes wg, Wg, p
and i1 are missing since there are no k4 x N, invariant blocks and thus the only moduli
are the charged fermionic fields ! and fil. Recalling that the bosonic w-moduli describe

the instanton sizes and gauge orientations, one can say that exotic instantons are entirely

— 10 —
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Figure 2: This simple quiver gauge theory is (from the point of view of one of the nodes) just

N =1 8QCD.

specified by their spacetime positions. The presence (absence) of bosonic modes in the
D3/D(—1) sector for gauge (stringy) instantons can be understood in geometric terms by
blowing up 2-cycles at the singularity and reinterpreting the fractional D3/D(—1) system
in terms of a D5/E1 bound state wrapping an exceptional 2-cycle of C3/ (Zg X Zg). Gauge
(stringy) instantons correspond to the cases when the D5 brane and the E1 are (are not)
parallel in the internal space. In the first case the number of Neumann-Dirichlet directions
is 4 and therefore the NS ground states is massless. In the stringy case, the number of
Neumann-Dirichlet directions exceeds 4 and therefore the NS ground state is massive and
all charged moduli come only from the fermionic R sector.

3. D-instanton partition function

In this section we study the non-perturbative effects generated by fractional D-instantons
on the N' = 1 gauge theory realized with space-filling fractional D3 branes. For simplicity
from now on we take (see figure [)

Ny = N3 =0 with Ny and N; arbitrary, (3.1)

which is the simplest configuration that allows us to discuss both gauge and stringy in-
stanton effects.

This brane system describes a N' = 1 theory with gauge group U(Ny) x U(N;7) and a
single bifundamental multiplet

d(2,0) = ®(x,0) = ¢(x) + V200(x) + 0°F(z) (3.2)

P = (@Ofu Qouf ) (3.3)

with v = 1,... Ny and f = 1,...N;. The two off-diagonal blocks @ and @ represent
the quark and anti-quark superfields which transform respectively in the fundamental and
anti-fundamental of U(Np), and in the anti-fundamental and fundamental of U(Np). Both
quarks and anti-quarks are neutral under the diagonal U(1) factor of the gauge group,
which decouples. On the other hand [FI] the relative U(1) group, under which both @ and
@ are charged, is IR free and thus at low energies the resulting effective gauge group is
SU(Ng) x SU(N7). Therefore, from the point of view of, say, the SU(Ny) factor this theory
is just N' =1 SQCD with N, = Ny colors and Ny = N; flavors. In the following we will
study the non-perturbative properties of this theory in the Higgs phase where the gauge

which in block form is

invariance is completely broken by giving (large) vacuum expectation values to the lowest
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components of the matter superfields. This requires Ny > N, — 1. The moduli space of
this SQCD is obtained by imposing the D-flatness conditions. As remarked in [5J], even if
the effective gauge group is SU(N.), we have to impose the D-term equations also for the
(massive)* U(1) factors to obtain the correct moduli space of the quiver theory; in our case
these D-term conditions lead to the constraint

QQ—§@=€ﬂchNc (3.4)

where ¢ is a Fayet-Iliopoulos parameter related to twisted closed string fields which vanish
in the singular orbifold limit. For Ny > N, the D-term constraints allow for flat directions
parameterized by meson fields

M7 =Qh QY (3.5)

and baryon fields

By gy, = €uro, @y - Qe Bhdve < enene QI QR (3.6)

which are subject to constraints whose specific form depends on the difference (N; — N)
(see for instance ref. [53]). These are the good observables of the low-energy theory in the
Higgs phase. For Ny = N, — 1, instead, the baryons cannot be formed and only the meson
fields are present.

To have a quick understanding of the non-perturbative effects that can be obtained
in our stringy set-up, it is convenient to use dimensional analysis and exploit the symme-
tries of the D3/D(—1) brane system; we will see that besides the well-known one-instanton
effects like the ADS superpotential at Ny = N, — 1 [IJ], in the quiver theory an infinite
tower of multi-instanton corrections to the superpotential are in principle allowed. This is
what we are going to show in the remainder of this section. In section [] we specialize our
discussion to the one-instanton sector and, using again dimensional analysis and symme-
try considerations, we analyze various types of non-perturbative effects in the low-energy
theory, as a preparation for the study of the flux-induced terms presented in sections f]
and f.

3.1 The moduli space integral

The non-perturbative effects produced by a configuration of fractional D-instantons with
numbers k4 can be analyzed by studying the centered partition function

3
Wn.p. _ /dg/j\t H <M8kAﬁA e27rikA7'A e—TrkA[SK+SD+S¢}> ’ (37)
A=0

where the integration is over all moduli listed in (P.2(]) except for the center of mass super-
coordinates z* and 6% defined in (2:21]) and (R.29). These centered moduli are collectively
denoted by M. The action Trx LSk + Sp + Sy is obtained by taking the field theory limit
in (R.11)) and restricting the moduli to their Zy x Zy invariant blocks for each A, while the

4For a discussion of this point in the same orbifold model we are considering, see for example the
beginning of section 3 of the published version of ref. [@]
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term 27ik 74 represents the classical action of k4 fractional D-instantons of type A (see
egs. (.4) and (R.10)). Finally the power of the string scale My compensates for the scaling
dimensions of the measure over the centered moduli space so that the centered partition
function W, , has mass dimension 3, as expected. Indeed, using table f§ one can easily
show that the mass dimension D of the instanton measure is

3
D[AM] =3 kaba (3.8)
A=0
where (34 is the one-loop B-function coefficient of the N =1 SU(N4) gauge theory with
Z§=1 Nagr fundamentals and anti-fundamentals, namely

3 3

Ba=30(Adjs) —2) Nags £(Na) =3Na— > Nagy (3.9)
I=1 I=1

where /(1) denotes the index® of the representation r. It is interesting to remark that
the explicit expression of G4 is well-defined even in the case N4 = 0 where it cannot be
interpreted as the (-function coefficient of any gauge theory. Keeping this in mind, all
formulas in this section can be applied to both gauge and stringy instanton configurations.

Coming back to the centered partition function (B.7) one can ask which dependence
on the scalar vacuum expectation values is generated by the integral over the instanton
moduli. A quick answer to this question follows by requiring that the form of W, , be
consistent with the symmetries of the D3/D(—1) system. In particular we can exploit
the U(1)? symmetries left unbroken by the orbifold projection that we have discussed in
section B These are symmetries of the D3/D(—1) action but not of the instanton measure.
Indeed, since there are unpaired moduli, like g and g, which transform in the same
way under U(1)3, the charges of the centered instanton measure, and hence of Whp., are
non-trivial. In particular, the charge ¢ is®

q[dM] = —2n,q(n) — 2n,10(p") — 29() (3.10)

where n, and n, are the numbers of u and p! moduli, and the factors of 2 account

“w
for identical contributions from g and f!. Finally, the term —2¢()\) comes from the two

components of the anti-chiral fermion

1 3 ia
Ao = > | {Ma}, (3.11)

which are unpaired since their partners, namely the fermionic superspace coordinates 6%
defined in (R.29), have been taken out from the centered measure d 9. The minus signs

"The index £(r) is defined by Tr, (TaTb) = £(r)§°°. For SU(N) gauge groups, the indices in the
adjoint, fundamental, symmetric and antisymmetric representations are, respectively, given by ¢(Adj) = N,
{(N) = %, é(%N(N—!— 1)) =N+ 2 and é(%N(N — 1)) =N-2.

6 As one can see from table E, the moduli M*! and \s; have opposite charges, like M and A4. For this
reason they do not contribute to the total charges of the centered measure d M which thus depend only on
the charges of unpaired moduli.
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in (B.1(Q) come from the fact that a fermionic differential transforms oppositely to the field
itself. Using the charges listed in table [} it is easy to rewrite (B.1() as

3 3 3
Q[dﬁ]:3_ZkA<3NA_ZNA®I>:3_ZkAﬁA- (3.12)
A=0

I=1 A=0

In a similar way one finds

3
¢ [dM] = —2n,q (1) — 271“1(]/(;[’) —2¢(\) = -2 Z ka(Nagt — Nag2) »
=0
3

q" [dﬁ] = —2n,q" (1) — 2n“1q"(,u1) —2¢"(\) = -2 Z ka(Nagi — Nags) -
A=0

(3.13)

One can check that the U(1)? charges of the ADHM measure coincide with the ones of
the moduli space of instanton zero-modes. In fact, since in an instanton background the
bosonic zero-modes always come together with their complex conjugates, the charges g,
¢ and ¢” of the instanton measure depend only on the number of fermionic zero-modes,
namely on the number nj of gaugino zero-modes, and on the number n,: of zero-modes
of the fundamental matter fields.” These numbers are given by the index of the Dirac
operator evaluated, respectively, in the adjoint and fundamental SU(N4) representations
under which the fields transform, i.e.

na =2k 0(Adjy) =2ka Ny,

(3.14)
Tyl = 2k A (2NA®[) E(NA) =2ks Nagr -

Taking into account the contribution of the two fermionic superspace coordinates 6% to the
charges of the instanton measure and using the values reported in table [}, we have

3
3 1
_ 1 _
q=—nxq(A —anlq —2Q(9)——§nA+§Zn¢I+3a
I=1 I=1
3
qd = —npd( anz ¢ (W) —2¢(0) = —TNy1 + N2 (3.15)
I=1
3
¢ = —npq’( anz q(h) —2¢"(9) = —Ngt N3
I=1

Exploiting (B.14)), it is immediate to see that these charges coincide with the ones given
in (.12) and (B.13) and computed using the ADHM construction.

So far we have considered a generic D-instanton configuration. From now on we will
focus on two cases, namely gauge and stringy instantons, which correspond to the following
choices of k4’s

gauge : (ko,k1,0,0),

3.16
stringy : (0,0,kg,k;g) . ( )
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Figure 3: D3/D(—1)-quiver for SQCD with a) gauge instantons and b) stringy instantons. Filled
and empty circles represent stacks of D3 and D(—1) branes, solid lines stand for chiral bifundamental
matter, dashed lines for charged instanton moduli. A single dashed line represents the fermions p,
while a double dashed line is a (u, w) pair.

Some gauge and stringy instanton quiver diagrams are displayed in figure [

As noticed above, for stringy instantons we have k4N4 = 0 and therefore the only
charged ADHM moduli that survive are u/ and i/, while w, @, u and fi are absent. As
a consequence, the fermion X\ of eq. (B.I1)) decouples from the moduli action and in the
centered partition function of stringy instantons there is an unbalanced fermionic zero-mode
integration. Therefore, unless such zero-modes are removed, for example with an orientifold
projection [R§-B{], or lifted with some mechanism [BY, i3], one gets a vanishing result. We
will return to the stringy instanton configurations in section [j where we discuss how bulk
fluxes can cure this problem. In the remaining part of this section we instead analyze in
more detail the instanton partition function for a generic configuration of gauge instantons.

3.2 Zero-mode counting for gauge instantons

For gauge instantons the centered partition function (B-7) is a function of ¢ and ¢, i.e.
of the vacuum expectation values of the matter superfield (B-J) and its conjugate, with
scaling dimension 3. The most general ansatz for W), ;, is therefore

Wn.p. — CMS(k‘oﬁ()-i-klﬁl) e27ri(k‘o7‘o+k:17'1) Q_Sn ¢m (317)

with n +m + koBo + k141 = 3 and C a numerical constant. Using table I, it is easy to see
that the U(1)? charges of this expression are all equal and given by

Q[Wn.p.] = q/ [Wn.p.] = q// [Wn,p_] =3—-2n — koﬁo — klﬂl . (3.18)

We must require that these charges match those of the centered measure, which, as follows
from (B.13) and (B.13), in this case are given by

g[dM) =3 —koBo— k1B, [dM] = ¢"[dM] = —2ko Ny — 2k Ny . (3.19)
Then we immediately find that n = 0 and

(ko — k1)(No — N1) =1. (3:20)

"Remember that in an instanton background A = ¢y =0
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This equation is solved by
kit=k—-1 , Ny =Ny—1, (3.21)

or by
ko=Fk —1 , No=N —1. (3.22)

Thus the partition function generated by gauge instantons is, as expected, an holomorphic
function of ¢ and is given by

Wap. = CMs(koﬁo-l-klﬁl) e2mi(komo+k171) ¢(3—k0ﬁ0—k151) ) (3.23)

Notice that this is a formal expression in which ¢ stands for the vacuum expectation values
of either the quark or anti-quark superfields ) and @ defined in (B.d), and actually only
the appropriate gauge invariant combinations of these should appear in the final result.
The solutions above with (kg = 1,k1 = 0) and (ko = 0,k = 1) reproduce the well-known
ADS superpotential [[I9] for SU(Np) and SU(N;) SQCD’s respectively. The multi-instanton
corrections with kg, k1 > 0 are instead a distinct feature of the quiver gauge theory we have
engineered with the fractional D3 branes. We conclude by observing that we could have
arrived at the same results without referring to the charges of the ADHM moduli but using
instead those of the gauge field zero-modes in the instanton background.

It is possible to generalize the previous analysis of the instanton partition function
by including a dependence on the entire matter fields and not only on their vacuum ex-
pectation values ¢ and ¢. This leads to a very rich structure of non-perturbative inter-
actions that include the holomorphic ADS superpotential when Ny = N. — 1 and the
multi-fermion F-terms of the Beasley-Witten (BW) type [p3] when Ny > N, plus their
possible multi-instanton extensions. In the following sections we will analyze in detail such
non-perturbative effective interactions in the one-instanton case.

4. Effective interactions from gauge instantons

In this section we discuss the non-perturbative effective interactions induced by instantons
using the explicit string construction of the ADHM moduli provided by fractional D3
and D(—1) branes, and show that in the field theory limit o/ — 0 we recover the known
non-perturbative F-terms, such as the ADS superpotential [i9 and the BW multi-fermion
couplings [B§]. From now on we will consider one-instanton effects in the quiver gauge
theory corresponding to a D3-brane system with No = N3 = 0; this should not be regarded
as a limitation of our procedure but only a choice made for the sake of simplicity.

4.1 The gauge instanton action

To discuss the D-instanton induced effective action on the D3 brane volume in the Higgs
branch, we first have to generalize the results of section .9 and introduce in the moduli
action a dependence on the entire matter superfields and not only on their vacuum expec-
tation values. As discussed in detail in [[7-[1J], the couplings of the matter fields with
the ADHM instanton moduli can be obtained by computing mixed disk diagrams with
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a) o b) Iy

Yo (37) t

Figure 4: Disk diagrams leading to the interaction between the scalar ¢(x), or its superpartner
Yo (), and the fermionic instanton moduli x* and 2.

insertions of vertex operators for dynamical 3/3 strings on the portion of the boundary
attached to the D3-branes.

An example of a coupling of ¢(z) with the fermionic moduli p and f is provided by
the diagram of figure fla), whose explicit evaluation leads to

i

i o) (4.1)

|

If ¢(x) is frozen to its vacuum expectation value, this coupling precisely accounts for one of
the last terms of Sy given in (B-19), once we specify our D3 brane configuration.® Another
possible diagram, represented in figure fb), gives rise to the following coupling:

V2

As discussed in [I7-[L9], diagrams like those in figure fla) and b) are related to each other
by the action of the two supersymmetries of the D-instanton broken by the D3 branes. A

0% 2 o (x> . (4.2)

further application of these supersymmetries leads to
% 02 1% F(z) (4.3)

where F' is the auxiliary field of the matter multiplet. Also this coupling arises from a
mixed disk diagram with two f-insertions on the D(-1) boundary and one insertion of
F on the D3 boundary.” Adding the contributions (f1), (3) and (f.J), we reconstruct
the combination

O(2) + V0o (x) + 62 F(2) (4.4)

which is the component expansion of the matter chiral superfield ®(x, ) of our SQCD
model. Proceeding systematically in this way, one can show that the same pattern appears

8As is clear from figure H, this contribution is present only when the instanton is of stringy nature, i.e.
k2 =1 or ks = 1, since the D(—1) boundary must be of a different type with respect to the D3 boundaries.
This type of contributions will play a crucial role in section E, but we discuss it here to illustrate in a simple
example how the couplings with the holomorphic matter superfields can be obtained.

9For details on the calculations of disk amplitudes involving auxiliary fields in this orbifold model see
for example @]
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Figure 5: An example of a disk interaction between the (anti-holomorphic) scalar ¢(x) and the
instanton moduli leading to the coupling ( @)

everywhere, so that we can simply promote the vacuum expectation value ¢ to the complete
superfield ®(x, 0), i.e. perform in the action (P.I9) the following replacement:

o — D(x,0) (4.5)
in order to obtain all instanton couplings with the holomorphic scalar and its superpartners.

Let us now turn to the anti-holomorphic variables. An example of a mixed disk am-
plitude involving the scalar ¢(x) is represented in figure f]. It accounts for the coupling
i 1
5 AR (16)
which is the obvious generalization of the first term in the second line of (R.19) when the
anti-holomorphic vacuum expectation value ¢ is promoted to a dynamical field. The same

pattern occurs in all terms involving the anti-holomorphic vacuum expectation values ¢,
so that we can promote the latter with the replacement

6 — o) = D(x.0)| . (47)
Notice that no § dependence arises, due to the half-BPS nature of the D3/D(—1) system.

When one considers dynamical gauge fields, there are new types of mixed disk ampli-
tudes that correspond to couplings which do not depend on the vacuum expectation values
of the scalars; since they are not present in the action (R.19), they cannot be obtained

with the replacements ([£J) and (7). These new types of interactions typically involve
the D3/D3 anti-chiral fermions 1) () and correspond to the following couplings:

a0 () it — 1t () w0 (48)

Figure fla) represents the disk diagram corresponding to the first term of ([L.g).
Furthermore, using the D3 supersymmetries that are broken by the D(—1) branes, we
can produce the following terms:

00 4(5")P 0,0 (x) it + 0°T (), 50 () W (4.9)
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a) W b) wg

Bué(x)

Figure 6: Examples of disk diagrams responsible for the coupling of the superfield Ds®(z, 9_)’ _
_ 6=0
to the instanton moduli. In b) the vertex for the scalar ¢ is in the 0-th superghost picture, which

leads to a derivative coupling.

The diagram responsible for the first term in ([.9) is represented in figure §b). The cou-
plings (.9) can be obtained from (f.§) by means of the replacement

Dalz) — 1)d@(x,0ﬂé:0, (4.10)

where Dy, is the standard spinor covariant derivative . Note that Ds®(z,0) o is a chi-
ral superfield.!”

We are now in the position of writing the action for the D3/D(—1) system in presence
of dynamical bi-fundamental matter fields, including string corrections. In the case of
a single gauge instanton configuration for the SU(NVy) factor, which corresponds to take

ko = 1, this action is given by'!

5 2730’ ¢ s — (e BY _ o h d
Sps/p(-1)(®, ®) = p DcD° +i D, (w4(7°) Bwﬁ) +iXe(Bw® + @ p)
+—%w4¢é+é¢ﬂﬂ+%wéu—%gém (4.11)

—|—i?I)d(Dd<I>),u1 — iﬂl (Ddé)wd .
0=0

In the first line above the quadratic term in the auxiliary fields D, with an o/-dependent
coefficient comes from the gauge action Sg in (R.12) written for a one-instanton configu-
ration. The second line in ({.11)) is the result of the replacements (f.§) and (f.7) in Sy,
whereas the third line arises from (f.§) upon use of ([.10).

In the following we will discuss the non-perturbative effective terms that are induced
on the D3 brane world volume by this instanton configuration.

0Couplings involving instanton moduli and chiral superfields of the form Dg®

considered in refs. [@, @, @]

" Remember that in the one-instanton case for A" = 1 models there are no x-moduli.

7—o have been recently
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4.2 Field theory results: non-perturbative F-terms

In the field theory limit o/ — 0, the instanton action ([L11]) simplifies to

S (@, ®) = i De (4 (7°)%50”) + i A (i w® + @ pr)
I ENCT EE T ERT Y

2 2 S hep (4.12)

+ 14 (DO®) ! — i it (Da®)w'
6=0
Note that in this action D. and \s; appear only linearly and act as Lagrange multipliers
for the bosonic and fermionic ADHM constraints, and that, as in (1)), the dependence
on the superspace coordinates x* and 0 is only through the matter superfields.
Integrating over all instanton moduli we obtain the following non-perturbative F-terms:

— (0) 5
Spp. = / A2 d?0 Wap., Wap = AP / A e Sps/m-)(®P) (4.13)

where A is the dynamically generated scale of the effective SU(Ny) SQCD theory we are
considering, namely

Ao = MPo ™ with By = 3Ny — Ny . (4.14)

Despite the notation we have adopted, one should not immediately conclude that W,
defined in (1) be a superpotential since, as we will see momentarily, gauge instantons
can induce also other types of non-perturbative F-terms.

In view of the explicit form of the field dependent moduli action (f.12)), we can make
the following general Ansatz:

Wap. = CA% 8" 0™ (Ds® DD)'| . (4.15)
where p is restricted to positive values to avoid the appearance of fermionic fields in the
denominator. We now proceed as in section B.d and require W, to be a quantity of
scaling dimension 3 and that its U(1)? charges match those of the centered measure, given
in (B:I9) with k1 = 0. Taking into account that ¢[D®] = +1/2 and ¢/[D®] = ¢"[DP] = —1,
after some simple algebra we find that the parameters in ({.17) are given by

p=-n=1—Ng+ Ny, m=1—Ny—Ny. (416)
The instanton induced effective interactions have thus the form
(Da® Di®)"

dp Hr+2No—2 |
=0

Wap. = CA™ (4.17)
forp=0,1,....

For p = 0 (and hence for N = Ny — 1) the above result reduces to the well-known
ADS superpotential for SU(N.) SQCD with Ny = N, — 1 [9); indeed, after using the
D-flatness condition on the matter fields and explicitly performing the integrations over all
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ADHM moduli in this case, one can prove that the overall coefficient C is non-vanishing

and that (f.17) becomes
1

det M

where M is the meson superfield, in agreement with the ADS result.
For p > 0 the above result ({.17) reproduces the multi-fermion instanton induced

interactions for SQCD with Ny > N, studied originally in b7 in the case N. = 2 and

recently derived by integrating the ADHM moduli in @].12 In particular, for p = 1 and

N, = Ny =2, eq. (E17) yields the form

Whp. = C A2Vt (4.18)

KA

Dy® D*®
Wn.p. - C A4 T 5 (419)

=0

KA

in accordance with the explicit result of the moduli integral [bJ, F4], which can be written as

epupy /2o Do}, DM, + 2 D BDYB

(tr MM + BB + BB)*”

Whp. = CA* , (4.20)

0=0

in terms of the SU(2) meson and baryon fields (see egs. (B.J) and (B.6) for Ny = N, = 2).
For p > 1 one obtains more general multi-fermion terms. As proved in ref. [Fg], these
multi-fermion terms, despite being non-holomorphic in the matter fields, are annihilated

by the anti-chiral supercharges @), and as such they are genuine F-terms even if they do
not correspond to a superpotential.

5. Non-perturbative flux-induced effective interactions

We now generalize the analysis of the previous sections and investigate the non-perturbative
effects produced in the gauge theory by adding R-R and NS-NS fluxes in the internal space.
In particular we consider the 3-form flux

Gs=F—7H (5.1)

which is made out of the R-R 3-form F', the NS-NS 3-form H, and the axion-dilaton 7.
The general couplings of closed string fluxes to open string fermionic bilinears were derived
in [[[1] by evaluating mixed open/closed string amplitudes on disks with generalized mixed
boundary conditions like those represented in figure [§. We refer to the above reference for
a detailed discussion; here we simply recall that this world-sheet approach is particularly
suited to study the case at hand and discuss how the Gs-fluxes couple to the instanton
moduli.'® Indeed, computing the mixed open/closed string diagrams of figure [] in the

12Gee also ref. [@] for related considerations in the case N. = 1.

3Notice that, differently from ref. [@], here the transverse space to the D3-branes is non-compact. This
implies that the normalization coefficients to be used here are like those computed in ref. [@], but without
the factors of the compactification volume V.
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Figure 7: Diagrams encoding the linear couplings of bulk fluxes of type (0,3) and (3,0) to the
instanton moduli reported in eq. ( p.2).

Zo X Zo orbifold, one finds that the flux induced interactions on the instanton moduli space
are encoded in the action

giux _ o | 2060 gog  2C03) 70"

Vs Vs 2

where we have denoted by G 3y and G(g3) the (3,0) and (0,3) components of G in the

A | +1y/9s Gs.0) i, (5.2)

natural complex structure of the transverse space. These components satisfy, respectively,
an imaginary self-duality and anti-self-duality condition and are responsible for the soft
supersymmetry breaking terms related to the gravitino and gaugino masses, see e.g. [{1, ().
Note that in the first and last terms of (5.2) the scaling dimension of (length)™! carried
by the G-flux is compensated by the dimensions of 6, u and g, while in the second term
explicit o factors are needed. This is perfectly consistent with the fact that, while the
G(3,0) flux components have a natural field theory interpretation as gaugino masses, the
G (0,3) components instead have no counterpart on the gauge field theory. Thus, from the
open string point of view their presence in (5.9) is a genuine string effect, as revealed also
by the explicit factors of /.
The action (p.2) can be conveniently rewritten as

2,12

ori ) . .
ftux gll GO0, — G L A +%G,:m, (5.3)

where we have defined
G=29:Gioy, G=29:Gg) - (5.4)

Eq. (b.d) is the form of the flux induced moduli action which we will use in the following
to study the non-perturbative interactions generated by fractional D-instantons in the
presence of bulk fluxes. In particular we will consider terms at the linear order in G or
G where the methods of [I]] for the world-sheet derivation of the moduli action (p.J) are
reliable. We therefore have two possibilities depending on whether we keep G or G different
from zero, which we are going to analyze in turn.

5.1 One-instanton effects with G # 0

In this case we can set G = 0 and look for the non-perturbative interactions proportional
to GG, assuming again that the fractional D-instanton is of type 0, i.e. that kg = 1, as in
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section f|. A class of such interactions is obtained by exploiting the %Gﬂu term of the flux
action (b.3). At first order in G this leads to

Sup.(G) = A / d'z d?0 dM e~ pa/p(-1)(®P) (% G u> (5.5)

where Sp3/p(_1)(®, ®) is the instanton action (E11). By taking the limit o/ — 0 we obtain
non-perturbative flux-induced terms in the effective action of the form

—~ (0) & 1
Sup(G) = / d'z d’0 Wnp (G), Wap(G) = AP / At e s/pi-n(®®) <% G u) (5.6)
where S](DO?Z /D(—1)((I)7 ®) is the moduli action in the field theory limit given in (fE13). After

performing the integration over all centered moduli, in the effective field theory we expect
to find an interaction of the following schematic form

Wap (G) = CG A% 3" o™ (Dyd DO@)”( (5.7)

6=0
with By +n + m + 3p = 2 in order to have an operator of mass dimension 3 (remember
that G has dimensions of a mass). As before, we restrict to positive values of p in order
to avoid the appearance of fermionic fields in the denominator. Requiring that the three
U(1) charges of W, (G) match those of the centered instanton measure for consistency
with (B.6), and using the information that ¢(G) = —3 and ¢'(G) = ¢""(G) = 0, it is easy to
find that the parameters in (b.7) are given by

p=-n—2=2—Nyg+N; and m=-—Ny— Ny . (5.8)

The resulting multi-fermion interactions are non-supersymmetric as can be easily seen
by noticing that they are non-holomorphic for p = 0. The case p =1 (i.e. Ny = Ny — 1) is
particularly interesting, since it corresponds to SU(N.) SQCD with Ny = N.—1. We have
already recalled that in this case the gauge instanton induces the ADS superpotential; now
we see that in the presence of a G-flux which softly breaks supersymmetry by giving a mass
to the gaugino, the gauge instanton produces new types of low-energy effective interactions
which are of the form
yavon Do DS

Wap(G) = CC T3 N

) (5.9)
6=0

We stress that this is a formal expression which only indicates the powers of the various
fields that appear in the result; the precise structure of W, , (G) should be given in terms
of the appropriate variables of the low-energy effective theory (the meson superfields in
this case) and can be obtained by explicitly performing the integral over the instanton
moduli which also dictates how color and flavor indices must be saturated. This task is
particularly easy to do for SU(2) SQCD with one flavor, and some details can be found in
appendix [J. There we show that for N, = 2 and N ¢ = 1 the flux induced non-perturbative
term (p.9) can be written as

D?M

Wap(G)=CGAN ———
’ (MM)3/2 |5,

(5.10)
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where M is the meson superfield of the effective theory. We can regard this interaction as
a low-energy non-perturbative effect of the soft supersymmetry breaking realized by the
G-flux in the microscopic high-energy theory. Finally, we observe that one can alternatively
exploit the GA? term of the flux action (5.3) to produce non-supersymmetric interactions
of the same type as the ones described here.

5.2 One-instanton effects with G # 0

The contribution to the effective action linear in G in presence of a single fractional D-
instanton of type 0 is given, in analogy to eq. (B.H), by

2mi (ra’)? )2

Snp.(G) = AP / d*z d20 d2X\ d9 e Sp3/p-1)(P:2) <—
Js

GAq X1> . (5.11)
Here we have denoted by M’ all centered moduli but . Performing the Grassmannian
integration over d?), we can write

Sup (G) = / dz d*0 Wy, (G), (5.12)

where

Won (G) = (0 Z2 AR G [ a9 o Soorocy 9 (5.13)

9s
with Sy, /D(—1)((I)v ®) being the action (fE1]) without the fermionic ADHM constraint term
since the Grassmannian integration over A has killed it. From (p.I3) we therefore expect
to find a result of the schematic form
Wap(G) =Ca GA% &" o™ (DD D%)p(é e (5.14)
where the dots stand for possible higher order string corrections. Requiring the equality
of dimensions and U(1)? charges between the definition (5.13) and the expression (f.14),
one finds
m=3—-—No—N1 , n=3+Ny— N1 , p=Ni—DNg. (515)

Let us focus on the simple case p = 0 (i.e. N9 = Nj), which corresponds to a SQCD
with Ny = N, flavors. In this case, in absence of fluxes, one gets only multi-fermion terms
of Beasley-Witten type, like the ones displayed in eqs. (.19) and ({:20). In the presence
of a G-flux we have also a non-holomorphic contribution of the form

Wap, = C o G A*Ne 3 @3-2Ne (5.16)

0=0

which can be explicitly computed by performing the integration over Ao , as shown in
appendix [J. Notice that again these terms are non-holomorphic and therefore manifestly
non-supersymmetric. For N, = 2, the result is

det M
(tr MM + BB + BB)'*|,

Whp =Ca?GA* , (5.17)

=0

where M is the meson superfield and B and B are the baryon superfields.
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6. Stringy instanton effects in presence of fluxes

D-instantons of type 2 and 3 are of different type with respect to the D3 branes where
the SQCD-like SU(Ny) x SU(N7) theory is defined, and lead thus to “stringy” or “exotic”
non-perturbative effects. In this case we have only fermionic mixed moduli p?, i and p3,
i3, while there are no wg and wg’s from the NS sectors.

Let us now derive the general form of the centered partition function in dependence
of the vacuum expectation value of the scalar ¢, in analogy to what we did for the gauge
instantons in section f|. The moduli action (B11)) drastically simplifies. In particular, it is
holomorphic in ¢ and does not contain any A dependence. Therefore, unless one introduces
an orientifold projection P§-BQ] or invokes other mechanisms [BY, B9, 5], the only way
to get a non-zero result is to include the flux-induced GAX term of eq. (f.9) and use it
to perform the A integration. At the linear level in the fluxes, the other flux interactions
in (b.3) become then irrelevant. Neglecting as usual numerical prefactors, we can write the
centered partition function for a stringy instanton configuration with instanton numbers
ko and k3 as

Wap.(G) = o G M¥2Pr ks 2rilkars ko) / AT e~ Soom(-n) (6.1)

leading to the following general Ansatz
Whp(G) =C @Mskzﬁ2+k353+n o2mi(k2ma+kaTs) P . (6.2)

We have not fixed a priori the power of My ~ 1/ Vo since in this case the moduli integration
can produce extra factors of o/ with respect to those appearing in eq. (b.1]), because of the
Sq part of the moduli action (R.11]) which appears with an explicit (a/)? in front.'

The equality between the ¢,¢ and ¢” charges following from this ansatz and those
implied by the definition (B.]) plus the request that the mass dimension of Wy, , be equal
to 3 impose that

n=2 ., m= Z(kigNo + k?gNl) , (6.3)

and
(k2 — k3)(No — N1) =0 ; (6.4)

To derive these equations we have used the fact that for our brane configuration 8y = B3 =
—(Ng + N1). The condition (p.4) admits the following solutions:

ko = k3 with Ny and N arbitrary,

(6.5)
No=N; with ko and k3 arbitrary .

The centered partition function in stringy instanton sectors can thus be written in the form

Whap(G)=C GMfzﬁz-irkaﬁng? o2mi(k2m2+k3Ts3) ¢—(k252+k353) ) (6.6)

1n particular, the “center of mass” part of the D.’s appears only through the quadratic term ~ o/?D. D¢
and the gaussian integration over it produces negative powers of v/o. This is different with respect to the
gauge instanton cases considered in sections E and E, where the D.’s couple also to the bosonic moduli w
and w, leading to a completely different type of integral.
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Let us now concentrate on the set-up containing a single stringy instanton described
in figure fb), namely let us set ko = 1, k3 = 0. In this case it is easy to promote the
vacuum expectation value ¢ to the full superfield ®(z, ) through diagrams such as those
of figure [|. and the moduli integration can be explicitly done. As remarked above, the only
way to saturate the Grassmannian integration over d\g is via their G interaction and the
non-perturbative contribution to the effective action of this “stringy” instanton sector is

Snp. = / d'z d*0 W, (G) (6.7)
where the superpotential is given by
Wh.p, = Ca/> My No+N) g2minz & / A e~ S03/D(-(®) (6.8)

Notice that the dimensional prefactor does not combine with the exponential of the clas-
sical action to form the dynamically generated scale of the gauge theory, since 75 is the
complexified coupling of D3-branes of type 2, which are not the ones that support the
gauge theory we are considering.

The moduli M/ appearing in (6.§) are simply {D,, p? %, a3}, with p? and p? trans-
forming in the fundamental representations of U(Ny) and U(NV7) respectively. Thus, the
moduli action to be used in (f.§) simply reduces to

om3a/?

9s

i
Spa/n(-1)(®) = DeDe — 5 (Pep? — Pep’) (6.9)

Hence, the integral in (f.§) explicitly reads

d3D dNo ;2 qNo 2 g1 3 g 3 _ 2ol DCDC"‘i(ﬁB‘I’HQ—ﬁQ‘I’ﬂB)
podMOntdM p? dN pte s 2 . (6.10)

The integration over the p’s clearly vanishes unless Ny = Ny, in which case we get, after
performing also the gaussian integration over the D’s,

o P det Q det Q = o/ *det M . (6.11)

Here we have used the form (B.J) of ® and in the last step we have introduced the meson
field M = QQ. We have also disregarded all numerical constants and kept track only of
the powers of o/ oc M2, since in all of our treatment we have specified completely only
the dimensional part of the prefactors in the moduli measure.

Inserting (p.11)) into (B.§) we find therefore that a single stringy instanton in presence
of an imaginary self-dual three-form flux produces for Ny = Np (i.e. for a SQCD with
Ny = N, flavors) a holomorphic superpotential

Wip. = C M2 2Nee™i™2 G det M . (6.12)

Interestingly, the interactions generated by stringy instantons are still holomorphic and
therefore supersymmetric even in the presence of the supersymmetry breaking flux G. it
would be interesting to investigate the implications of such non-perturbative terms for the
low-energy effective action.
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A. Gauge coupling and instanton action

Let us consider a Dp-brane wrapping a (p — 3)-cycle C4 and denote by 74 the complexified
gauge coupling of the resulting four-dimensional super Yang-Mills theory:
0 4w

A

o la (Al)

TA =

A gauge instanton in this theory can be described in terms of a Euclidean (p — 4)-brane
wrapping the same (p — 3)-cycle C4. The instanton induces non-perturbative interactions
weighted by e_kASE&(p%) with k4 being the number of instantonic branes and S4 the action
for a single instanton. Aim of this appendix is to show the relation

SEE) — _onmiry | (A.2)

which justifies the form of W, in ([.4).
Eq. (A.9) follows from a comparison of the world-volume action of the Euclidean
E(p — 4)-brane with that of the wrapped Dp-brane RT]. In Euclidean signature, the lat-

ter ist®

Sgp = pp Tr

—¢./det (g4 2ra/F —'/ Cop 2™ F | A3
/R‘lche \/ e (g Fige ) 1R4xCAZn: o € ] (A.3)

where j1, = (2m)7P(a’)~®P+1)/2 is the Dp-brane tension, ¢ the dilaton, g the string frame
metric and Cy, the R-R 2n-form potentials. Expanding (A-J) to quadratic order in F and
comparing with the standard form of the Yang-Mills action in Euclidean signature, we find
that the complexified four-dimensional gauge coupling is
T4 = 21(2m)? / [C’p_g +ie ¥/ det g] . (A.4)
Ca

On the other hand the action for a Euclidean (p — 4)-brane wrapping C4 is given by

Sg(p_4) = Mp_4 |:/C e—gp \/ det g — l/c Cp—3:| = —27i TA (AS)
A A

in agreement with ([A.3).

Here we assume [FMWFU,)] = 0 and take F = E,T77 with Tr(TiTj) = %5” and ¢,7 running in the
adjoint of the gauge.
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B. Vertex operators for gauge fields and instanton moduli

In this subsection we list the vertex operators of the various fields and moduli of our model,
including their normalizations which we express in terms of the unit of length (27 )% In
our conventions the vertex operators are always dimensionless and, in general, we assign
canonical dimensions to their polarizations, namely dimensions of (length)~! to bosonic

=3/2 to fermionic ones. However, in the instanton sector,

fields and dimensions of (length)
some of the ADHM moduli acquire different dimensions as indicated in table f. The vertex
operators we list in the following are written using the open string fields appropriate for
the D3/D(—1) system, namely the space-time bosonic and fermionic string coordinates X*
and 1*, the transverse bosonic and fermionic string coordinates in the complex basis Z!
and U!, the space-time spin-fields S, and S¢, and the internal ones S4 and S4. Moreover

we denote by ¢ the bosonic field of the superghost system. For more details we refer

to [18, 3.

Vertices for gauge fields. The gauge fields originate from D3/D3 strings. They include
a gauge vector A, and a gaugino A® with its conjugate A4 transforming in the adjoint rep-
resentation, plus bi-fundamental matter fields. The corresponding vertices at momentum

p are
Vi = (ma)2 (A,)"4, e X,
Vi = (2ma/)T (A%)"4, S,Spe~ /2P X, (B.1)
Vi = (27ra')% (Ad)u:A G§éG0e—¢/2 elP X

for the adjoint fields, and

NL o T\uA T~ Aip X
Vd)I:(ﬂ'a)Q ((b)UA@] \I/Ie ¢e1p 9

1, - —o in
Vs, = (ra)2 ((bI)UAiI Ul e 9 elPX

3 I\ YA —¢/2 ip- X
Vyr = (2ma/)1 (¢a ) . 5,8y e~/ P X (B.2)
Vi, = (2ma!) 7 (ar) 49! §O8T 70/ X

0%
VFI = 7TO/ (FI)UA ; €IIK \I’J\I/K eip-X7
(

for the bi-fundamental matter fields. The internal spin fields appearing in the above for-

mulas are

SO — S+++ Sl — S—I——— S2 — S——l—— S3 — S——+
) ) 9 9 (B.3)
So=5-——, S1=544+, S2=S5i—4, S3=544-,

where the +’s denote the signs of the spinorial weights of SO(6). Notice that S4 and Sx
trasform in the representation R4 of the orbifold group.

Vertices for instanton moduli. Strings with at least one end-point on a D(—1) brane
give rise to moduli rather than dynamical fields because either they do not have longitudinal
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Neumann directions at all or they have mixed boundary conditions. The vertex operators
for D(—1)/D(—1) moduli with alike end-points are

Va = V2g0(7a/)% (a,)'2, ¥ e,
Vp = 27md/ (D)4 5, v

Vir = %(27@')% (Ma)™, SaSoe™*/?,

Vi = (21a))T (g

(B.4)

ia Qi QO —¢/2

)4, 5487 ,

where D-instanton gauge coupling g is expressed in terms of o/ and g, as in (R.15). If the
end-points are different we instead have

90 alyt —
VMI — —(27'('@/) (M I) A or SaSIe ¢/27
V)\I = (27‘('&/)% ()\d])i'z-il SdSI e_¢/2 .

The moduli of the charged sector arise from open strings with D3/D(—1) or D(—1)/D3
boundary conditions. The vertex operators for those which in the field theory limit describe
gauge instantons are
1 .
Vi, = %(27@')5 (wa)"4 ASYe™®,

90

Vo = “=(2md/ 3 we)'A AS%e 9,
90 3 u _ :
V= ﬁ(%a/)‘* (n)"4 ASpe™2,
_ 9o 3 i A —¢/2
Vo= Loy (', Bshe o2,
while those related to stringy instantons are
[ 3/ I\ua —¢/2
V= gl t ()5, ASre, (B.7)
Vi = T (2ma)E (a)'337 ASye 2, |

V2

where A and A are the bosonic twist and anti-twist operators respectively and encode the
change of boundary condition from Neumann to Dirichlet and vice-versa.

C. Derivation of the non-perturbative flux effects for Ny = N, — 1

As discussed in section p.1], the non-perturbative interactions induced by the flux G are
obtained at linear order by computing the integral (see eq. (5.6))

— (0) = 1
Wap.(G) = AP /dzm o~ 5D3/p(-1)(®:P) (% Gji M> (C.1)
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where the action on the moduli space is given in eq. (4.13). As we have seen we expect
a non-vanishing contribution to this integral when N; = N, — 1, whose schematic form is
given in eq. (p.9).

Here we consider in detail the case of the SU(2) theory, i.e. N = 2 and Ny = 1.
Denoting by Q“ and @u (with u = 1,2) the fundamental and anti-fundamental blocks of
the matter superfield ® (see eq. (B-J)), and by i’ and ji’ the non-trivial components of y!
and fi' respectively, the moduli action (1) in this case becomes

51()032/1)(_1) =iD, (wdu(Tc)dBwB“) +1 A (i W™ + 0%, 1)

1 =u

1 _ =U ~ . 1 _
+ 5 mdu(QuQv + Q Qv)wav + %ﬁ/ Qu :uu - 5 o Q ,u/ (02)

+ia (DYQ )i — i (DaQu)w™ |
6=0
where we have explicitly indicated also the two-valued color indices.

The integration over d?\ allows to soak up the two fermionic zero-modes p and fi left
after the G-flux insertion. After some elementary algebra, one finds a contribution simply
proportional to

wduw‘j‘“ . (C3)

To saturate the Grassmannian integrals over du’ and di’ the only option is to bring down

the terms containing Dd@ and D@ from the moduli action, thus obtaining a contribution
proportional to .

(D°Q DQu)|._ Wauwy’ - (C.4)

Thus, after integrating over all fermionic instanton moduli, we are left with

Wap (G) = CG A’ (DYQ DPQ,) / d*w dYD PPD e PP w30 QQQQW 4, 3wy’

(C.5)

where we have clumped all numerical constants in the normalization factor C and under-

stood that we must set § = 0 in the right hand side. The bosonic integral (C.§) has been

evaluated in ref. [54] (see in particular eq. (5.7) of the published version) and the result is

o . 2€,5 0,
/ dhwdhd d*D e DT g 2 s = S (C.6)
(tr A)

where A is the 2 x 2 hermitian matrix A = %(QQ + 5@) Exploiting the D-flatness

condition (B4) for £ = 0, it is easy to prove that

tr A= (M)

(C.7)

where M = @uQ“ is the meson superfield. Using these results in ([C.J), after some simple
manipulations and absorbing all numerical factors by redefining the overall coefficient C,
we finally obtain

D*M
(MM)*2 |5,
As mentioned in the main text, this explicit result is in full agreement with the general

Wap(G) = G AP (C.8)

expression (5.9) obtained using dimensional analysis and U(1)3 charge conservation.
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D. Derivation of the non-perturbative flux effects for Ny = N,

Let us now consider the effective interaction induced by a G background flux which, ac-
cording to eq. (B.13), is given by

Wap.(G) = (md/)? 2 6o G /d/E)J\t’ e Spa/p(-1)(2.P) (D.1)

9s

where in the moduli action it is understood that we have to set § = 0.
We focus on the case Ny = Ny, corresponding to SQCD with N, = Ny flavors. The
moduli action to be used in (D.1) reads explicitly

: — oG Bu 1 u A ~u o~ &v
Snﬂm—nbﬂ)ZlDmeAT)gwﬁ)+[§wmAQfQﬂ;%QfQQﬁu (D.2)

gy @it = 5 i@ gt i (DRQ) it i} (Da@) |
where u and f are fundamental color and flavor indices respectively. With respect to
eq. (E11) we have neglected the quadratic term in D.’s since it appears with an explicit
a'? in front, and it leads to effects of higher order in o/ with respect to the ones we will
compute in the following.

Since we have chosen Ny = N., we have the same number of x*“, fi, and utt, ﬂ} and
the integral over these fermionic moduli yields simply (up to numerical constants which we
disregard) ~

det Q det @ =det M, (D.3)

where M J; = @qu“g is the meson superfield matrix. The above expression has to be
evaluated at @ = 0, so that only the scalar components appear.
For N. = Ny = 2 the integral over the bosonic variables has exactly the form considered

in eq. (5.6) of ref. [p4]:

/ng d4’lZ) d4w e—iDCiJTcw—ﬁ)Aw _ (D4)

1
trA’
where the 2 x 2 matrix A is given by

mg:%(@@ﬁ+éﬂé@. (D.5)

Using the D-flatness condition (B.4), it is easy to see that the trace of A can be re-expressed
in terms of the low-energy degrees of freedom represented by the meson and baryon super-
fields M, B and B as follows:

_ _ =~ 1
tr A= (tr MM + BB + BB)? . (D.6)
Inserting into eq. (D-1]) the result (D.3) of the fermionic integration and the bosonic inte-
gral (D.4) we finally get

det M

Wn.p. =C OZ/2 GA4 — — = <
(tr MM + BB + BB)

(D.7)

1/2
0=0

as reported in (5.17).
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